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Implicit Model

Part i)
Sets: J=1{1,2,3,4,5}

Parameters: p; ={2,2,1,3,4}
d; = 3,3,1,8,5}
T =12

1 if the jobj starts at the time t

Decision variables: x]-t{ )
“ L0 otherwise

T-pj

my >

j=1 t=dj-pj+1
(For each job, starting time should not exceed the latest index in which the completion in its due date

is possible: d; — p; + 1. The final starting dates that each job can be started is T — p;. See appendix
1.1 for the explicit formulation.)

T-pj+1
st. Z xjc =1 for Vj €]
t=1
(Every job must start exactly once within the possible period it can be completed. See appendix 1.2
for the explicit formulation.)
Xje+xpp <1 for Vj €]

J eI\U}
t=12..T,t' =1,2..T
if j,t) and (j',t") overlap

(Possible processing periods of each pair of jobs must not overlap. See appendix 1.3 for the explicit
formulation.)

Additionally, all overlap conditions can be detected by the following way:

- x] ¢ States whether the job j starts at the time t, and consequently, ends at the time t + p; .

xj1 ¢+ states whether the job j' starts at the time t', and ends at the time t’ + pj’-

. [t— (" +p;)] x[(t+p;))—t'1<0,  x;,andx; . overlap
' otherwise, xj¢ and x;j1 ,+ do not overlap

Finally, x; » values should be restricted to be binary:

xj: €{0,1} for Vj €],
t={1,2,..T}

(See appendix 1.5 to see the variables. During the computations in the notebook, they are changed as
0 <x;: <1, and the unnecessary ones, which force the time horizon to be longer than 12 are

dropped as well.)



Part ii)
Sets: J=1{1,2,3,4,5)
Parameters: p; ={2,2,1,3,4}

d; ={3,3,1,8,5}
T =12

1 if the jobj starts at the time t

Decision variables: x]-t{ .
~ L0 otherwise

J T-pj
j=1 t=dj-pj+1

T-pj+1

st. Z xjc =1 for Vj €]

t=1

J t
z Z Xjp <1 fort=1,2,..T

j=1 s=max{0, t—-p;+1}

(For each time period t, and for each job j, the case of being processed at that time must not overlap.
See appendix 1.4 for the explicit formulation.)
xj: €{0,1} for Vj €],
t={1,2,..T}



Computation Times

As can be expected and clearly observed from the table below, time-based approach

(Complexity: O(T)) is a better representation of the problem in terms of efficiency compared to the

pairwise consideration of each possible job initialization case (0(J?,T?)).

Environment | Jupyter Notebook Google Colab VISUéLzzudIO
Model i 0,069 0,105 0,051
Model ii 0,046 0,031 0,022

Table 1: Computation Times (in Seconds)




The two models above have given the same optimal value for the minimum number of tardy jobs,

The Optimal Solution

with different sequences of the time horizon. The solutions obtained after the execution of the program

are as follows:

Model i: Model _ii:
=2 =2
X11 = 1 X13= 1
X26=1 X21=1
X30=1 X30=1
Xa3=1 Xa5=1
Xsg=1 Xs8=1
Where all the remaining decision variables are equal to zero.
Time 0-1 | 1-2 | 2-3 | 3-4 | 4-5 | 5-6 | 6-7 | 7-8 | 8-9 | 9-10 | 10-11 | 11-12
Periods
Job #
(Model 3 1 1 4 4 4 2 2 5 5 5 5
1)
Job #
(Model 3 2 2 1 1 4 4 4 5 5 5 5
2)

Table 2: The Final States of the Time Horizon




Appendices

1.1. Objective Function

min (X12+X1,3+ X14+ X5+ X1,6+ X7+ X1.8+ X9+ X110+
X22+tX23+Xoa+ X251 X266+ X2,7+Xog+ X290+ X210+
X31tX32+ X33t X34+ X35+ X3+ X37+Xs8+ X397+ X310+ X311+
X461 Xa7+Xag+ Xa9+
X527+ Xs53+ X54+ X555+ Xs56+ X5,7 + X5.8)

1.2. Type 1 Constraints for the Parts i and ii

X1,0t X110+ X2+ X1,3+ X4+ Xe5+ X6+ X1,7+ X8+ X1,9+ X110 =1
X20t X211+ X2+ X23+ X244 Xo5+ X261 X2,7+ X8+ X290+ X210 =1
X30+X31+X32+ X33+ X34+ Xa5+Xa6+X37+ X3g+ X390+ X310+ X311 =1
Xa,0F Xa1+ X2+ Xa3+Xa4+Xas+Xa6+Xa7+Xa8+ Xa9 =1
X507+ X551+ X52+ X537+ X54+ X557+ X56+ X571 X5 8 =1

1.3. Type 2 Constraints for the Part i

X1,0 + X0 < X12 *+ Xs2 <1
X0 +X21 < X12 +Xs3 <1
X10 + X0 < X13 + X2 <1
X0 +Xz1 < X13 + X233 <1
X0 * X0 < X13 + X4 <1
X0 + X41 < X13 + X33 <1
X0 + Xs0 < X13 *+ X3a <1
X0 tXs1 < X13 +X41 <1
X11 + X0 < X13 *+ X2 <1
X1 *+ X1 < X13 + X433 <1
X1 + X2 < X13 + X4a <1
X11 +X31 < X13 +Xs0 <1
X11 +X32 < X13 +Xs51 <1
X112 + Xa0 < X13 + Xs2 <1
X11 +Xa1 < X13 +Xs3 <1
X1 + Xz2 <1 X13 + Xsq4 <1
X11 + Xs0 < X14 + X23 <1
X11 +Xs1 < X14 +Xoa <1
X11 *+ Xs2 < X4 + X5 <1
X12 +Xo1 < X14 + X34 <1
X12 + X2 < X4 + X35 <1
X12 + X233 < X14 + Xa2 <1
X12 +X32 < X14 +Xa3 <1
X12 + X3z < X14 + Xaa <1
X12 + X40 < X14 + Xa5 <1
X12 +Xa1 < X4 +Xs51 <1
X12 +Xa2 < X4 +Xs2 <1
X12 +Xa3 < X14 +Xs3 <1
X12 + Xsp < X14 + Xs4 <1
X12 +Xs51 <1 X1a + Xs5 <1

X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,5
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,6
X1,7
X1,7

+ X4
+ Xo5
+ X26
+ X35
+ X3
+ Xa3
+ Xa4
+ Xa5
+ Xap
+ Xs,2
+ Xs3
+ X4
+ Xs5
+ Xs6
+ Xo5
+ X2
+ Xo7
+ X3
+ X37
+ Xa4
+ Xa5
+ Xa6
+ Xa7
+ Xs3
+ Xs4
+ Xs5
+ Xs6
+ Xs7
+ X26
+ X27



X17 + X8 <1 X21 * X3z < Xo6 *X37 <1
X17 +X37 < X21 *+ Xa0 < X256 * X4 <1
X17 +X3g < X21 * Xa1 < Xo6 * Xa5 <1
X17 +Xa5 < X21 * Xa2 < X256 * Xap <1
X17 + Xap < X21 + Xs0 < X2 + Xa7 <1
X17 + Xa7 < X1 + Xs1 < X26 + Xs3 <1
X17 + Xa8 < X21 + Xs2 < X26 + Xsa4 <1
X17 + Xs4 < Xo2 *+ X3z < Xo6 +Xs5 <1
X7 +Xs5 < X22 * X33 < X26 * Xs6 =
X7 +Xs6 < X22 * X0 =< X26 * X57 <
X7 +X57 < X22 * X411 < X27 +X37 =<
X17 +Xsg <1 X22 * Xa2 < X27 * X3 <
X8 *+ X7 < X22 *+Xa3 < Xo7 +Xa5 <1
X18 t X2 < X22 t Xs0 < X27 + X456 <
X18 t X299 < X22 tXs1 < X27 t Xa7 <
X18 t Xz < X22 tXs2 < X27 t X483 <
X18 t Xz9 < X22 t Xs3 < X27 *+ Xs4 <
X188 t X456 =< X23 * X33 < X27 *+ Xs55 <
X1 tX47 < X23 * X3za < X27 *+ Xs6 =<
X188 t X438 < X23 * Xg41 < X27 +Xs57 <
X18 t Xa9 < X23 t Xg42 < X27 t Xsg <
X18 t Xs5 < X23 t X43 < X28 t Xzg <
X8 +Xs6 <1 X23 *+ Xa4 < X28 * X39 <
X18 + Xs7 <1 X23 + Xs0 < X28 + Xap <
X18 +Xsg <1 Xe3 +Xs1 < X28 * Xa7 <
X9 + X8 <1 X23 +Xs2 <1 X28 * Xag <1
X9 *+ X9 <1 X23 + Xs3 < X28 * Xa9 <1
X9 *+ X210 <1 X23 + Xsa4 < X2 + Xs5 <1
X9 +X39 <1 X24 + X34 < X28 *Xs <1
X9 *+ X310 <1 Xo4 *+ X35 < Xo8 +Xs57 <1
X9 + X7 <1 Xo4 *+ Xap2 < Xo8 + Xsg <1
X9 + X8 <1 Xo4 *+ Xa3 < X290 +X39 <1
X9 +Xg9 <1 Xo4 + Xaa < X209 + X310 <1
X9 +Xs6 <1 X2a + Xa5 < X29 *+Xa7 <1
X9 +Xs57 <1 X24 + Xs1 < X290 *+ X8 <1
X9 +Xsg <1 X24 + Xs2 < X290 *+Xa9 <1
X110 + X29 <1 Xo4 + Xs3 < X290 +Xs6 <1
X110 + X210 <1 Xo4 *+ Xs4 < X290 +Xs7 <1
X110 + X310 <1 Xo4 *+ Xs5 < X290 +Xsg <1
X110 + X311 <1 Xo5 *+ X35 < X210 + X310 <1
X110 + Xa8 <1 Xo5 *+ X3 < X210 + X311 <1
X110 + Xa9 <1 X25 + Xa3 < X210 + Xas <1
X110 + Xs7 <1 X25 + Xaa < X210 + Xa9 <1
X110 + Xs8 <1 X25 *+ Xa5 <1 X210 + Xs7 <1
X20 +Xzo <1 Xo5 + X4 < X210 + Xsg <1
X20 +X31 <1 Xo5 * Xs2 < X30 * X0 <1
X20 + X0 <1 Xo5 * Xs3 < X30 *Xs0 <1
X20 +X41 <1 Xo5 * Xs4 < X31 + X0 <1
X20 +Xs0 <1 Xo5 * Xs5 < X31 + X1 <1
X0 +Xs1 <1 Xo5 + Xsp < X31 +Xso <1
X21 +X31 <1 X265 * X3 < X31 +Xs1 <1



X3,2
X3,2
X3,2
X3,2
X3,2
X3,2
X33
X33
X33
X33
X33
X33
X33
X34
X34
X34
X34
X34
X34
X34
X35
X35
X35
X35
X35
X35
X35
X3,6
X3,6
X3,6
X3,6
X3,6
X3,6
X3,6
X3,7
X3,7

+ X4,0
+ X4
+ X2
+ Xs,0
+ Xs51
+ Xs,2
+ Xa1
+ Xa,2
+ X43
+ Xs,0
+ Xs51
+ Xs,2
+ Xs3
+ Xa.2
+ Xa3
+ Xa.4
+ Xs1
+ Xs,2
+ Xs53
+ Xs54
+ Xa3
+ Xa4
+ Xa5
+ Xs,2
+ Xs53
+ Xs,4
+ Xs5
+ Xa,4
+ Xa5
+ Xa46
+ Xs3
+ X4
+ Xs5
+ Xs6
+ Xa5
+ Xa6

AN AN A AN AN AN AN AN AN AN /AN /AN AN AN AN AN /AN AN AN /AN A N /AN AN /AN /AN AN /AN VAN VAN VAN VAN VAN VAN VAN VAN VAN

X3,7
X3,7
X3,7
X3,7
X3,7
X3.8
X3.8
X3.8
X38
X38
X3,8
X3,8
X3,9
X3,9
X3,9
X3,9
X3,9
X3,9
X3,10
X3,10
X3,10
X3,10
X3,11
X3,11
X4,0
X4,0
X4,0
Xa,1
Xa,1
Xa,1
Xa,1
Xa4,2
Xa4,2
Xa,2
Xa,2
Xa,2

+ X47
+ Xs.4
+ Xs5
+ Xs,6
+ Xs7
+ Xa6
+ X47
+ Xa8
+ Xs5
+ Xs,6
+ Xs7
+ Xs8
+ Xa7
+ Xa8
+ Xa9
+ Xs6
+ Xs57
+ Xs8
+ Xasg
+ Xag
+ Xs57
+ Xs8
+ Xa9
+ Xs8
+ Xs0
+ X1
+ Xs2
+ Xs0
+ X1
+ Xs2
+ Xs3
+ Xs,0
+ Xs51
+ Xs2
+ Xs3
+ X4

X4,3
Xa,3
Xa,3
Xa,3
Xa,3
Xa,3
X4.4
X4.4
Xa,4
Xa,4
Xa,4
Xa,4
Xa,5
Xa,5
Xa,5
Xa5
X4,5
X4,5
X4,6
X4,6
Xa,6
Xa,6
Xa,6
Xa,6
Xa,7
Xa,7
Xa,7
Xa,7
Xa,7
Xa8
Xa8
Xa8
Xa8
X4,9
X4,9
X4,9

+ Xs,0
+ Xs51
+ Xs,2
+ Xs3
+ X4
+ Xs5
+ Xs51
+ Xs,2
+ Xs3
+ Xs54
+ Xs5
+ Xs6
+ Xs,2
+ Xs3
+ X4
+ Xs5
+ Xs6
+ Xs57
+ Xs53
+ X54
+ Xs5
+ Xs6
+ Xs57
+ Xs8
+ X4
+ Xs5
+ Xs6
+ Xs57
+ Xs8
+ Xs5
+ Xs6
+ Xs57
+ Xs8
+ Xs6
+ Xs7
+ Xs8



1.4. Type 2 Constraints for the Part ii

X1,0+X2,0+ X3,0+ Xa,0+ X550

X1,0t X110+ X200+ X210+ X314+ Xa0+ X414 X504 Xs51

X11+t X2+ Xo 1+ X2+ X324 Xa0+ X1+ Xa2+ X50+ X510+ X552
X12tX13+X22Ft X23+ X33+t Xa,1+X42+Xa3+X50t X51+ X552+ X53
X131t X1,4+X23t X4+ X34t Xa2+X43+Xaa+ X511 X52+ X553+ X54
X14t X5+ X24t Xo5+ X35t Xa3+Xgat Xa5+X52+tX53+X54% X555
X15t X161 X251 X266+ X361t Xa4+Xa5+ Xa6+ X531+ X54+X55+ X556
X166+t X1,7+ X6+ X7+ X37+Xa5+ Xa6+ Xa,7+ X544 X55+ X561 X5,7
X1,7+X1,8+X27+ X288+ X38+ Xa,6+ X474 Xa8+ X554+ X56+ X574 Xs58
X1,8+tX1,9+ X284 X290+ X394 Xa,7+ Xa8+ Xa9+ X564 X57+ X558+ X59
X190+ X1,10 + X29+ X2,10 + X310 + Xa,8+ X4,9+ Xa,10 + X57+ X58+ X59+ X510
X110+ X111+ X2,10 ¥ X211 ¥ X311+ Xa.9F Xa,20 + Xa11 + X58 + X59+ X510 + X511

1.5. Decision Variables

0<x10 < 0<xsn<=<l
0<x11 < 0<x40 =<1
0<x12 <1 0<x41 <1
0<x13 < 0<x4 <1
0<x14 < 0<x43 <1
0<x15 <1 0<x44 <1
0<x16 <1 0<x45 <1
0<x17 <1 0<x4s <1
0<x18 <1 0<x47 =<1
0<x19 <1 0<x48 <1
0<x110=1 0<x49 <1
0<x20 <1 0<xs50 <1
0<x21 <1 0<xs51 <1
0<x22 =<1 0<xs52 <1
0<x23 =<1 0<xs53 <1
0<x24 <1 0<xs4 <1
0<x25 <1 0<xs55 <1
0<x26 <1 0<xs56 <1
0<x27 <1 0<xs57 <1
0<x28 <1 0<xs8 <1
0<x29 <1
0<x210=<1
0<x30 <1
0<xs31 =<1
0<xs32 <1
0<xs33 =<1
0<xs34 =<1
0<x35 <1
0<x36 <1
0<xs37 <1
0<x3s <1
0<xs39 =<1
0<x310=1
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